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Spacecraft-to-ground telemetry received by the DSN can often be modelled as
binary NRZ data with independent transitions of probability p < %. In this paper,
a simple expression is derived for the power spectrum of this type of data modu-
lation; this formula is used to investigate how rapidly the data bandwidth

decreases as p gets smaller.

l. Introduction

The performance of a coherent communication link
will be degraded by data modulation that falls within the
carrier tracking loop bandwidth. Satellite telemetry links
must operate under imposed bandwidth constraints.
Crosstalk can occur when two adjacent data channels
overlap in the frequency domain, With these considera-
tions in mind, a space telecommunications designer is
interested in determining the power spectra of his trans-
mitted data.

For many deep space telemetry links supported by the
DSN, the data modulation is in a binary NRZ format, and
the data source suggests an independent transition model.
When the transition rate is %, it is well known (e.g.,
Ref. 1) that the data power spectrum is given by

1 [ sin (=f/R) ]2

where R is the data rate. In this paper, a simple expres-
sion is derived for the data power spectrum when the
transition rate is less than %; this formula is then used to
measure the data bandwidth dependence on the transi-
tion rate.

Il. Derivation of Data Power Spectrum

Consider the unit-amplitude, binary NRZ data stream
d(t), shown in Fig. 1. The data is assumed to be generated
by a Markov source: data transitions occur indepen-
dently, with stationary probability p. That is,

Prid; = — di.,] = p,V.. @)

As a preliminary step to computing the power spectrum
of d(t), we can calculate its autocorrelation function
Ry(r)=d(t)d(t + ) (3)
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It is easy to show that for k/R <|r|<(k+ 1)/R,
k=012,...

Ro(r) = (1 — 2pF[(1 + 2Kkp) — 2p|<|R]  (4)

which yields the piecewise-linear function of Fig. 2. For
example, using Fig. 3 for 1/R <|r| < 2/R, it is evident

that
(R " 74
Ry(7) = i dd;.,
R
_ 1 (L7 py+p*—2p(1 —p)
|T| R /
+ i d i+2
R
= (1-2p) [(1 +2p) — 2p|+|R] )

The data power spectrum Su(f) is simply the Fourier
transform of Ry(r). Using the construction diagram of
Fig. 4, we can write

Ra(r) = z Ry(r)

ﬂ ®)

Salf) =22 Su(f)

k=1

The parameters g and by =a;_, — a; in Fig. 4 are speci-

fied by

a, = (k + 1) qk — qu+1

But Ry(+) is the autocorrelation function of binary NRZ
data with 50% transitions and data rate R/k; modifying
Eq. (1), we have

Si(f) = 2 [Sin ( ’:;f/ﬂ) ]

_ Rg*(1 — q)?[1 — cos (2k=f/R)] ®)
2(=f)?

q q(cos 2f/R — q)
159 1-—2gcos2rf/R+ q*

(9)

. S4f) :M[

v — 3" gk ofs (2knf/R ]
oty LT &1 PR
where the last summation is found in Ref. 2. Simplifying
Eq. (9) yields the power spectram formula*

) = g | |
1—(1-—2p)y ]

X [1 31— 2p) cos Cf/R) + (1 = 2p)°

(10)

Il. Results

Normalized data power spectra are plotted in Fig. 5
for several transition rates p <%, using Eq. (10). As
expected, the bandwidth narrows as p decreases. The
functional dependence of the one-sided bandwidth BW
on p is illustrated in Fig. 6 for cases where 90% and
95% of the total data power lies in the frequency domain

by =kg** (1 — q)? (7) (—BW,BW).
where 1Equation (10) agrees with a prior unpublished result obtained by
M. K. Simon of JPL Section 339 following an entirely different
g=1-—2p. approach based on Chapter 1 of Ref. 1.
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Fig. 5. Normalized power spectra of d(t) vs transition
probability p < 14
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Fig. 6. Functional behavior of one-sided bandwidth BW of d(t)

vs transition probability p, for 909% and 959, of total data
power contained in (—BW,BW)
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